Abstract: We investigate the entanglement structure of the continuous multi-scale entanglement renormalization ansatz (cMERA) [Haegeman et al., Phys. Rev. Lett., 110, 100402 (2013)] for ground states of quantum field theories (QFTs). The cMERA, proposed as an extension to QFTs of the lattice MERA, is defined directly in the continuum but is nevertheless naturally equipped with a short-distance scale 1/Λ that acts as a UV regulator for quantum fluctuations. We consider the simplified setting of Gaussian cMERA for free QFTs, where explicit calculations can be performed. For relativistic free massless bosonic and fermionic QFTs in both 1+1 and 2+1 spacetime dimensions, we show that the cMERA state indeed displays no UV divergences in two-point correlation functions or entanglement entropy, in sharp contrast with the exact ground states.
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Introduction
Tensor networks have emerged in recent years as powerful classes of variational states that can be used to numerically simulate quantum many-body systems. An example is the Multiscale Entanglement Renormalization Ansatz (MERA) [1, 2] , which aims at approximating ground states of local Hamiltonians on the lattice. Its success in a wide range of lattice models, including systems with topological order [3, 4] or at a quantum critical point [5] [6] [7] , has established MERA as a useful computational tool. In addition, this success has also provided valuable theoretical insights into the structure of generic many-body ground states.
For instance, MERA suggests that we can regard the ground state of a local Hamiltonian as the result of an entangling evolution in scale. This unitary evolution starts from a product (i.e. unentangled) state and introduces correlations/entanglement into the wavefunction scale by scale, beginning with long distances and progressing towards shorter distances. The entangling evolution then stops when it reaches the shortest length scale or UV cutoff available in the lattice, namely the distance between two neighbouring lattice sites. Moreover, by reversing the entangling evolution, and thus flowing now from short distances to long distances, we obtain a modern implementation of the renormalization group (RG) in the Hilbert space of a quantum many-body system, one that suitably disposes of short-range entanglement at each coarse-graining step. Removal of short-range entanglement has indeed been seen to be key to producing an RG flow with the correct structure of fixed points, including unstable RG fixed points for continuous quantum phase transitions, where the method explicitly produces scale invariance [1, 2] . Finally, MERA has also attracted the interest of the high energy physics community, since it has been conjectured to be a realization of the holographic principle. In the context of the AdS/CFT correspondence [8] , MERA was first proposed as a discretization of (a time slice of) AdS [9] and, more recently, as a discretization of the kinematic space of AdS [10] .
A continuous version of the MERA, known as cMERA, was proposed by Haegeman, Osborne, Verschelde, and Verstraete in [11] . This proposal has the potential to reproduce, directly in the continuum, the success of MERA on the lattice and thus become a powerful non-perturbative approach to interacting quantum field theories (QFTs). To date, however, cMERA is only well-understood for free QFTs, thanks to a collection of explicit constructions provided in [11] . For a free QFT, the entangling evolution in scale is generated by a quadratic operator (the sum of a generator of scale transformations plus the so-called entangler ), and thus the resulting state is a Gaussian state. The Gaussian cMERA is of limited interest as a variational ansatz (see nevertheless Ref. [12] ), but already provides a most valuable proof of principle that both the entangling evolution in scale representation of ground states and the closely related entanglement renormalization (modern implementation of the renormalization group on wave-functions) can be realized in QFTs directly in the continuum. In addition, the Gaussian cMERA is being actively studied as a possible realization of holography [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
In this paper we investigate in which sense cMERA has a built-in UV cutoff. On the lattice, the UV cutoff of MERA is quite explicit-there simply are no degrees of freedom -2 - between lattice sites! The analogous statement for cMERA is a bit more subtle, since in the continuum there are quantum field degrees of freedom at all distances. However, as pointed out in Ref. [11] , in the cMERA state only those field degrees of freedom corresponding to distances larger than some UV cutoff are significantly entangled. This results from the fact that the entangling evolution that produced the cMERA state in the first place started from a product state (where all the field degrees of freedom are unentangled in real space). As the entangling evolution proceeds, the field degrees of freedom at different length scales become entangled, starting from large distances and then progressively descending to shorter distances. However, the entangling evolution stops at some point, corresponding to some length scale 1/Λ, leaving the degrees of freedom at shorter distances unentangled. The resulting cMERA state is to be compared to the ground state of a relativistic QFT, where the field degrees of freedom are entangled at arbitrarily small length scales. The goal of this paper is to explain and illustrate, through explicit calculations of correlations and entanglement entropy, what it means for the cMERA to have this UV cutoff.
As an example that summarizes our findings, let us consider a cMERA |Ψ Λ that has been optimized to approximate the ground state |Ψ of a conformal field theory (CFT) in 1+1 space-time dimensions. Recall that in the ground state of a 1+1 dimensional CFT, the entanglement entropy of a region of size x is infinite and diverges as
as a function of a UV cutoff a. Here the UV cutoff a could be the spacing between sites of an auxiliary lattice used to regularize the CFT. As we take a to zero in order to recover the continuum limit, the entropy S(x) of a finite region of size x becomes infinite. On the other hand, the two-point correlation function C(x) of a generic scaling operator with -3 -scaling dimension ∆ > 0 reads
and thus diverges at short distances. In contrast, Figure 1 illustrates the scaling of entanglement entropy and correlations in the cMERA state |Ψ Λ for the the ground state |Ψ of the 1+1 dimensional free boson CFT, which is the massless limit of the Klein-Gordon QFT, with field φ(x) and conjugate momentum field π(x). As discussed in Section 3, for distances x larger than some length scale 1/Λ, the entanglement entropy and the two-point correlators (exemplified by π(0)π(x) , where π(x) has scaling dimension ∆ = 1) reproduce the expected logarithmic and power law scaling of the CFT, respectively. However, we find the entanglement entropy S(x) to be finite (as opposed to UV divergent) and it is seen to vanish in the limit of distances x smaller than 1/Λ. Similarly, the two-point correlator π(0)π(x) is seen to transition from power-law scaling at large distances to becoming a constant for x 1/Λ (with a delta function at x = 0, not shown in the figure). For both quantities, it is as if we had introduced a lattice with lattice spacing ≈ 1/Λ, although we have not: the cMERA is defined in the continuum.
In what follows we will compute and analyze correlators and entanglement entropy in the Gaussian cMERA approximation to the ground state of bosonic and fermionic free QFTs in 1+1 and 2+1 dimensions, focusing on CFTs for simplicity. Section 2 gives some preliminary introduction to the cMERA construction and its interpretation. Section 3 builds more explicitly the cMERA for free boson theories in arbitrary dimensions and studies its structure for one and two spatial dimensions. Section 4 follows the same scheme for free Dirac fermion theories. Section 5 gives a few concluding remarks on the results presented in the paper.
cMERA preliminaries
We begin by briefly reviewing the cMERA, as proposed in Ref. [11] . The cMERA formalism in its full generality applies to generic interacting QFTs. However, it is only well-understood for free QFTs, for which explicit Gaussian cMERA states were described in Ref. [11] . In this paper we focus on Gaussian cMERA states for free CFTs. Thus our analysis is simplified by two facts: the Gaussian character of the cMERA, and the scale invariance of the CFT, which translates into a notion of scale invariance of the cMERA [27] .
cMERA
On a lattice made of N sites, MERA can be seen as a quantum circuit that unitarily evolves the product state |0 ⊗N , introducing entanglement at different length scales (Figure 2, left) . The continuous MERA was introduced as a variational ansatz |Ψ Λ for the ground state |Ψ of a quantum field theory, which we will call the target state. The cMERA state |Ψ Λ is defined as the result of a continuous unitary evolution in scale u from a product state |Ω : 1) |0 |0 |0 |0 |0  |0  |0  |0   |0 |0 |0 |0 |0 |0 |0  |0 |0   |0 |0 |Ψ M ERA where Pexp denotes the path-ordered exponential, and the operators L and K(u) are the generator of scale transformations and the so-called entangler, respectively ( Figure  2 , right). The scaling operator L depends only on the field content of the QFT (e.g. number of bosonic/fermionic fields and spacetime dimensions) and is independent of the scale parameter u. In contrast, the entangler K(u) contains the variational parameters of the cMERA (and thus depends much more on the specific QFT under consideration) and may in general depend also on the scale parameter u.
Scale invariance
In this paper we will study properties of the cMERA states when the target QFT is a CFT, which is a scale invariant theory. In this case, the entangler K(u) can be chosen to be independent of the scale parameter u, substantially simplifying our analysis -even though the entanglement UV cutoff is similarly present in the case of more general QFTs. The scale-invariant generator L+K of the entangling evolution in scale is then identified with the generator of scale transformations of the CFT in a very precise sense, which we briefly review. As explained in [27] , the optimized cMERA |Ψ Λ can exactly reproduce the spacetime symmetries of the target state |Ψ . However, while a generator G of a symmetry of |Ψ is typically the integral of a local density, the corresponding symmetry of |Ψ Λ is generated by an operator G Λ that is instead the integral of a quasi-local density. In a CFT, the ground state |Ψ is invariant under global conformal transformations, which include dilations/scale transformations as generated by the dilation operator D. Correspondingly, a cMERA |Ψ Λ optimized to approximate the CFT ground state |Ψ is invariant under a quasi-local realization of global conformal transformations and, in particular, under scale transformations as generated by a quasi-local operator D Λ , which can be seen to correspond to L + K. Thus L + K can be regarded as the cMERA equivalent of the CFT dilation operator D and, accordingly, the cMERA state |Ψ Λ is scale invariant (that is, by scale transformations generated by D Λ = L + K).
How can the cMERA state |Ψ Λ be scale invariant and, at the same time, be equipped with an explicit short distance cutoff 1/Λ in entanglement, as illustrated in Figure 1 ? As argued in [27] , this is possible by the combined action of operators L and K. The scaling operator L rescales space, which has the effect of shifting the entanglement UV cutoff 1/Λ. However, the entangler K acts as to suitably add or remove short-distance entanglement so as to reset the UV cutoff back at the initial length scale 1/Λ. As a result, scale invariance is compatible with the presence of an explicit length scale.
Gaussian cMERA
In this work we can restrict our attention to states of a quantum field that are Gaussian states. Indeed, the ground state |Ψ of a free particle QFT is Gaussian and, as a result, both the initial product state |Ω and the cMERA state |Ψ Λ in Eq. 2.1 can be chosen to also be Gaussian.
Recall that a generic Gaussian state |Φ is characterized by a complete set of linear constraints, implemented by annihilation operators that are linear combinations of the bosonic/fermionic field operators. When the Gaussian state is invariant under translations, each annihilation operator can be labeled by its momentum k, and the linear constraints read
This characterization is particularly useful to study the Gaussian cMERA. The unitary in (2.1) induces a canonical transformation that maps the linear constraints of |Ω into the linear constraints of |Ψ Λ . For each Gaussian state of interest, we will be able to characterize these constraints in terms of just a real function of the momentum coordinate (which we call α( k) in the bosonic case, and θ( k) in the fermionic case). We will then see that the linear constraints of the cMERA are just an interpolation between those of the unentangled state |Ω for large momenta (| k| Λ), and those of the target state |Ψ at small momenta (| k| Λ), as it was pointed out in [27] for the 1+1 dimensional free boson theory. This interpolating character already provides us with some intuition about the UV regularization in cMERA states: in |Ψ Λ , the large momentum / short distance modes satisfy constraints similar to those of the unentangled product state |Ω , which is UV finite.
A well-known, major advantage of working with Gaussian states is that we can efficiently specify them using the above linear constraints/annihilation operators (recall that such an efficient characterization is not available for the ground state of a generic interacting QFT). In addition, the computation of correlations and entanglement entropy from a Gaussian state is similarly well-understood. The reader is invited to check Appendix B for a review of correlations and entanglement entropy in Gaussian states.
We finish this section with a note for the reader: in what comes next we will refer to a cMERA as optimized if it succeeds at reproducing the long distance behaviour of the target state, rather than implying that it has gone through an energy minimization procedure.
-6 -In this section we first review the formalism of cMERA for Klein-Gordon theories in general dimension, drawing mainly from the appendices of [11] and [27] . We then also review the scaling of correlations and entanglement entropy in the target ground state |Ψ of the free boson CFT in 1+1 and 2+1 dimensions, and the unentangled product state |Ω . Finally, we compute and discuss the scaling of correlations and entanglement entropy in the corresponding cMERA state |Ψ Λ in 1+1 and 2+1 dimensions.
Throughout this section, φ( x) denotes a bosonic field operator in d spatial dimensions and π( x) its canonical momentum conjugate field, with [φ( x), π( y)] = iδ( x − y). Similarly, φ( k) and π( k) denote the Fourier components of these field operators, with [φ( k), π( q)] = iδ( k + q), where
Bosonic Gaussian cMERA framework
The three bosonic Gaussian states |Φ under consideration are determined by linear constraints of the form:
where the annihilation operator a( k) is a linear combination of φ( k) and π( k) and k ≡ | k| is the modulus of the momentum k. The function α : R → R, which we next specify for the target CFT ground state |Ψ , the product state |Ω , and the cMERA state |Ψ Λ , completely determines the Gaussian state under consideration.
Target state |Ψ
We begin by considering the massless Klein-Gordon Hamiltonian in d spatial dimensions:
which upon Fourier transformation allows for diagonalization via creation-annihilation operators
where
Therefore, we can define the target state as a common kernel of the annihilation operators of the form (3.2) with
Product state |Ω
Following [11] we consider the Gaussian product state defined by
with Λ constant. That is, the annihilation operators in a Gaussian product state are local in position space. This guarantees that both the connected two-point correlators O(x)O (y) − O(x) O (y) and the entanglement entropy S(x) vanish identically, as expected in a product state. In momentum space the above constraints read
That is,
for some constant Λ.
cMERA
We consider an optimized cMERA for critical bosons based on [11] , which is given by the choice of scaling and entangling operators:
where g(k) reads
The constant σ in g(k), not present in Ref. [11] , is added here so that the cMERA |Ψ Λ properly matches the long-distance properties of its target state |Ψ . With this particular choice of g(k), the cMERA wavefunction is characterized by the function
where Ei is the exponential integral function [27] . For small k, this goes as
where γ ≈ 0.57722 is the Euler-Mascheroni constant. Hence we choose σ = e γ for α(k) to reproduce the behaviour of the target state at small k. For k → ∞, α(k) tends to the constant Λ. Thus the function α(k) for the cMERA satisfies Figure 3 shows the qualitative behaviour of α(k) for the three states. The cMERA |Ψ Λ clearly appears as an interpolation between the target CFT ground state |Ψ at small momentum (approximate linear scaling ∼ k for k Λ) and the product state |Ω at large momentum (approaching the constant Λ for k Λ).
Correlations and entropy
To probe the short-distance structure of the cMERA state, we will investigate the scaling of two-point correlation functions and entanglement entropy. For comparison purposes we briefly review the scaling of two-point correlations and entanglement entropy in the two states |Ψ and |Ω of which cMERA is an interpolation.
Target state |Ψ
In the ground state |Ψ of a free bosonic CFT in d + 1 spacetime dimensions, the two-point correlation functions involving φ( x) and π( x) read
, where the first two-point correlation function is instead
In turn, the entanglement entropy of a region of linear size x obeys the area law:
where a is a UV cutoff, except in d = 1, where the scaling is logarithmic:
with c = 1 the central charge of the free boson CFT. Note that if we remove the UV cutoff by taking the limit a → 0, the entanglement entropy in Eqs. 3.17-3.18 diverges.
Product state |Ω
In the case of the product state |Ω we have
It follows that any connected correlator, as well as the entanglement entropy of any interval, are all zero.
After all these preliminaries, let us implement what we have been presenting for bosonic theories in 1+1 and 2+1 dimensions.
Free massless boson in 1+1 dimensions
The position space two-point functions of the cMERA state given by (3.12) in 1+1 dimensions are most easily computed by Fourier transforming the corresponding momentum space correlators
For instance,
And equally,
f ε , g ε are continuous functions that depend on a parameter ε 1. Here εΛ acts as an IR cutoff, needed to counter the well-known IR divergence of the 1+1 Klein-Gordon theory of a free massless scalar. Since the cMERA construction reproduces the infrared behaviour of the target state, it also displays such a divergence. Indeed, the integral that defines f ε (x − y) can be seen to diverge for ε = 0. We thus regulate this divergence by introducing an additional IR length scale 1/(εΛ) and removing the degrees of freedom at length scales larger than 1/(εΛ) from the integrals that translate from momentum space back into position space.
-10 - 10 -1 Figures 4-5 show the cMERA two-point correlators. Two very different regimes can be appreciated. First, for short distances x 1/Λ, the correlators are practically constant. In contrast, for distances larger than 1/Λ (but smaller than the IR cutoff scale given by 1/(εΛ)) the correlators recover the scaling expected in the CFT:
From the numerically obtained cMERA correlations in the regime of distances x given by 1/Λ x 1/(εΛ), ε = 10 −6 , we can estimate the following values for the coefficient of
the logarithmic decay and the exponent of the power law decay:
which indeed are very close to their values for the target CFT theory, namely 1/(2π) = 0.15915 and 2∆ π = 2, where ∆ π = 1 is the scaling dimension of π. The value of p 2 can in fact be obtained from the momentum space representation (3.20) , prior to the numerics, via asymptotic analysis. This is explained in Appendix A. Indeed, the fact that α(k) has a discontinuity in its first derivative at k = 0 imposes for the two-point function in position space an asymptotic power-law decay of the form π(x)π(y) ∼ |x − y| −2 . This discontinuity in α(k) was already there in the target theory, of which cMERA preserves the low momentum characteristics. By the same kind of arguments we can also compute the leading order asymptotic term of the difference between CFT and cMERA correlators. Since
we have, at long distances
Entanglement entropy
In the CFT, the entanglement entropy of a finite interval is divergent. We can still compute its characteristic scaling in Eq. 3.18 by discretizing the CFT into a lattice, where the lattice spacing a becomes the UV cutoff in Eq. 3.18. Importantly, progressive fine-graining of the lattice brings in new degrees of freedom that contribute to the entropy, which therefore diverges as the lattice spacing is removed in the limit a → 0. Our procedure for numerically computing the entanglement entropy in the cMERA is also based on a lattice discretization. However, instead of discretizing and solving the full theory on the lattice, we will simply sample the continuum two-point correlation functions on a lattice with lattice spacing a.
This procedure yields discrete matrix versions of the correlation functions C φφ = φ(x)φ(y) and C ππ = π(x)π(y) , from which one can easily extract the entanglement entropy following Appendix B. We apply the following discretization conventions
In this manner we numerically compute the entanglement entropy profile S(x). We must note that this method is based on an approximation. The actual theory is defined in the -12 - continuum, and we are applying a sampling operation that produces discretized versions of the continuous operator kernels C(x, y), in the hope that their spectra will be captured well enough by those of their discretizations in the limit of small a. Note that, for example, the spectra of the discretized operators will in general not be fully compatible with the constraints on the spectra of discrete correlation matrices. This forces us to discard a fraction of the eigenvalues of the constructed operators, relying on the assumption that their deviation from allowed values approaches zero as a does (an assumption that we corroborate numerically). Crucially, progressive fine-graining of the lattice discretization (that is, reducing the lattice spacing a) reveals convergence of the entanglement entropy S(x) to a finite value, rather than the divergence seen in the entanglement entropy of the CFT. Specifically, Figure 6 shows that for a 1/Λ, the entanglement entropy of an interval converges to its finite value for a = 0 quadratically in a, S a (x) = S(x) + O(a 2 ). We will take this value as our approximation to the entanglement entropy.
The converged entropy profile can be seen in Figure 7 . We observe two clearly different regimes: one for interval sizes x significantly smaller than the UV cutoff 1/Λ, and one for sizes x comparable to and larger than 1/Λ (but smaller than the IR cutoff 1/(εΛ), which is not shown). In this second region, the scaling of entanglement entropy reproduces the CFT logarithmic growth of (3.18). The numerical fit of the central charge c in the region around x ∼ 1/Λ gives a value of the central charge c ≈ 0.987 (3.31) which is very close to the exact value c = 1. At larger distances the growth of the entropy is slightly smaller than the one dictated by (3.18) with c = 1, which we believe to be an effect of the IR regulator. Figure 7 also shows a theoretical estimate, derived in Appendix D, for the scaling of the cMERA entanglement entropy for a small interval size x, x 1/Λ.
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Built-in UV cutoff
We have thus seen that the scaling of correlations and of entanglement entropy in the cMERA state |Ψ Λ mimic those of the target CFT ground state at large distances x 1/Λ. However, at short distances x 1/Λ, the correlators tend to a constant and the entanglement entropy (which is finite for any finite interval) vanishes. Similar results will be obtained below for d = 2 spatial dimensions and for free fermion CFTs. This is the sense in which the cMERA state |Ψ Λ has a built-in UV cutoff at distance x ≈ 1/Λ.
Free massless boson in 2+1 dimensions
In more than one spatial dimension, the free massless boson field theory does not need to be IR regularized. However, the cost of computing the correlations and, especially, the entanglement entropy becomes much larger. Fortunately, this does not prevent us from being able to numerically characterize the scaling at short distances x 1/Λ, confirm once more the presence of the UV cutoff, and justify both analytically and numerically the transition to the asymptotic CFT-like behaviour.
Two-point correlation functions
The cMERA two-point correlation functions can again be computed from the momentum space correlation function, which is written in terms of the function α(k): 
where J 0 is the zeroth Bessel function of the first kind. Similarly,
These two-point correlation functions consist of on-site deltas plus smooth terms 1 that only depend on the distance | x − y|. Their asymptotic behaviour for long distances can again be inferred from their momentum space representation (3.32). φ( x)φ( y) decays as | x − y| −1 at long distances due to the | k| −1 singularity at the origin of the function [2α( k)] −1 (see Appendix A). On the other hand, π( x)π( y) decays as | x − y| −3 since the function α( k)/2 goes as | k| near k = 0. Note again how the fact that the cMERA construction preserves the low momentum character of the target CFT manifestly leads to the preservation of the long distance behaviour of the two-point functions of the theory. The leading order asymptotic cMERA corrections to these can be seen to go like
i.e., decaying in both cases two orders faster than the leading term. We plot the numerically obtained functions f and g in Figures 8-9 . As in the one dimensional case, we observe a short distance regime | x − y| 1/Λ, where the correlators are practically constant, and a long distance regime | x − y| 1/Λ, where the shape of the correlators reproduces the CFT power law decay with the right exponents: 
Entanglement entropy
In 2 + 1 dimensions we compute the entanglement entropy of discs of increasing radius x. The technical details of this computation are presented in Appendix C. In short, we work in polar coordinates and consider modes indexed by the radial coordinate r and with a definite angular momentum given by an integer l ∈ Z. Different angular momentum modes are uncorrelated, so they contribute independently to the entanglement entropy. Only the modes with smallest angular momentum are found to contribute at short distances, with the corrections due to larger angular momenta becoming more relevant at longer distances. We approximately compute the entanglement entropy by the same procedure as in the 1+1-dimensional case: we sample the correlators with some lattice spacing a and build discrete versions of the continuum operators C φφ , C ππ , from which we numerically extract an approximation to the entanglement entropy S(x). In addition, Appendix D derives a theoretical estimate of S(x) for x 1/Λ, restricted to the contribution from the zero angular momentum mode. Short distance estimation Two remarks are in order. The first refers to the convergence of the profile S(x) above with respect to contributions coming from different angular momenta. Figure 10 , shows the partial entropy S lmax (x) of a disc of radius x obtained by adding the contributions from all angular momentum l such that |l| ≤ l max . We see that, indeed, S lmax (x) is essentially independent of l max for x ≤ 1/Λ. For x ≈ 2/Λ convergence is roughly obtained for l max ≥ 1, for x ≈ 3/Λ convergence is roughly obtained for l max ≥ 2, etc. These results are sufficient to see the outset of the area law at x ≈ 1/Λ, as expected in the CFT, see Eq. 3.17.
Our second remark refers to the convergence of these results with respect to the sam--17 -pling parameter a used to discretize the correlation functions. Figure 11 shows that, once more, S(x) tends to a finite profile when we reduce a. Notice also the agreement between the numerical values and the zero angular momentum estimate at short distances x 1/Λ.
Free fermionic QFTs
In this section we investigate the short-distance entanglement structure of the cMERA for the ground state of free fermion CFTs in 1+1 and 2+1 spacetime dimensions. Throughout this section, ψ( x) denotes a 2-component Dirac spinor, with components ψ 1 (x) and ψ 2 (x) obeying anticommutation relations
Fermionic Gaussian cMERA framework
The Gaussian states |Φ under consideration are annihilated by annihilation operators
2)
For all the states of interest in this section, this transformation can be parameterized by an angular function θ( k) = θ(k) of the momenta that depends on k ≡ | k|, as well as the product γ ·k, according to
is a normalized vector and γ is the vector of space-like Dirac matrices, whose components γ i , to be introduced later on, satisfy (γ i ) † = −γ i .
Target state |Ψ
Consider a free massless Dirac fermion Hamiltonian in d = 1, 2 spatial dimensions:
where γ 0 is the time-like Dirac matrix, which we choose to be
In terms of the Fourier space operators,
the Hamiltonian consists, for each momentum k, of a quadratic form γ 0 ( γ · k) that can be seen to be Hermitian and can thus be diagonalized by a unitary transformation, which turns out to be of the form (4.3), for
Indeed,ψ
Thus in that basis we have already diagonalized the Hamiltonian and we can identify the structure of the ground state |Ψ , which shall be annihilated by the operatorsψ 1 ( k) andψ † 2 ( k), that is, the operators that annihilate particles with positive energy and create particles with negative energy.
Product state |Ω
Again following [11] we choose the product state
which Fourier transforms to
and it is thus characterized by
We consider the cMERA presented in [11] and its higher dimensional analogue, characterized by
12)
We focus our attention on a family of Gaussian cutoff functions:
where j is a nonnegative integer and C j is a constant that depends on j. Starting from the product state |Ω , the result of the evolution in Eq. 2.1 by L + K evolution is the Gaussian state |Ψ Λ characterized by where Γ(a, x) is the upper incomplete gamma function. We choose 16) so that θ(0) = π/4, which is a sensible condition if we want the cMERA constraints to be similar to the target state's at small k, and obtain
Thus we observe a similar interpolating character as the one found in the bosonic case. In what follows we will focus on the simplest case j = 0. Let us now explore the entanglement structure of this cMERA for 1+1 and 2+1 dimensional theories.
Free massless fermion in 1+1 dimensions
We use the two-dimensional representation of the Dirac γ matrices given by
The unitary defining the cMERA is then a SO(2) rotation
Two-point correlation functions
In the CFT ground state, the non-trivial two-point correlation functions are
In the cMERA state, the correlation functions in momentum space as a function of the parameter θ(k) read:
which through a Fourier transform yield their position space counterparts:
Before we plot the two-point functions in real space we can obtain information about their long-distance behaviour from their momentum space representation (4.22 -4.24), as we did for the boson theories (see Appendix A). The single-species correlators ψ † i (x)ψ i (y) , i = 1, 2, will display a leading decay of (x − y) −(2j+2) at long distances. This is due to the first discontinuous derivative of the functions sin 2 (θ(k)), cos 2 (θ(k)) being the (2j + 1)-th, which is discontinuous at the origin. This discontinuity was not present in the target state, and is the only example in this paper, together with its 2-dimensional counterpart, of a cMERA qualitatively differing from the target state at long distances. The spurious power-law decay of this correlator, not present in the CFT (where the correlator vanished identically everywhere but at the origin) is a consequence of this discontinuity, and can be made faster by choosing a higher j, which implies that the resulting θ(k) coincides to higher and higher order with the exact one in the k → 0 limit [11] . On the other hand, the dominant term in the asymptotic expansion of the two-species correlators ψ † i (x)ψ j (y) , i = j can be seen to decay like (x−y) −1 . This reflects the fact that the function sign(k) sin(2θ(k)) is discontinuous at the origin, independently of the value of j. Looking at (4.21) we see that this indeed matches the behaviour of the target state, and is consistent with the scaling -21 - dimension of the fermion fields being 1 2 . What does depend on j is the leading decay order of the difference between the CFT and cMERA correlators:
The higher the value of j, the faster this difference decays, as expected. Fig. 13 displays the numerically computed correlation functions. Only two of them are shown since the others can easily be inferred from those using Eqs. (4.26) and (4.27). At short distances x 1/Λ, the single-species correlator goes to a constant while the two-species correlator vanishes as (x − y) p , where the exponent is numerically estimated to be p = 0.9992 (the correlator vanishes linearly as x − y → 0).
At large distances x 1/Λ, both the single-species and two-species correlators exhibit power-law decay, with exponents numerically determined to be p = −2.002 and p = −1.004 respectively, confirming the previous asymptotic analysis.
-22 - Short range estimation Logarithmic scaling Figure 14 . Entanglement entropy profile obtained for Λa = 0.01 (Λx < 10) and Λa = 0.1 (Λx > 10). We superpose the short distance estimation and the fit to logarithmic scaling at distances much larger than the cutoff, which provides a value of the central charge c ≈ 1.003.
Entanglement entropy
The scaling of the entropy of an interval of length L for the target state is given by [28] :
where c = 1/2 + 1/2 = 1, adding the contributions of the two fermionic species in the theory. As in the 1+1 bosonic case, here a is a UV cutoff and the entanglement entropy diverges when a → 0. The product state, being devoid of any correlation, displays zero entanglement entropy independently of the region we trace out. Once more, we perform the numerical computation of entanglement entropy in cMERA by sampling the correlators with a certain lattice spacing a, which produces discrete versions of the corresponding continuum correlation operators, to which we apply the usual prescription (see Appendix B). Once more we find finite values of the entropy to which our results converge when a → 0, hinting at the removal of short scale entanglement. Figure 14 shows the results of the numerical computation of entanglement entropy. As expected, two differentiated regimes are visible. For small intervals x 1/Λ, the entanglement entropy S(x) is seen to vanish as x → 0, with the numerics matching an analytical estimation derived in Appendix D. For large intervals a 1/Λ, the expected logarithmic scaling of S(x) is recovered. The value obtained for the central charge from fitting the curve is very close to our expectation, c ≈ 1.003 ≈ 1. Importantly, we observe, as for the bosonic case, convergence of the entropy upon fine graining of the underlying lattice that we use to compute it, see Figure 15 .
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Free massless fermion in 2+1 dimensions
We use the two-dimensional representation of the Dirac γ matrices given by:
The unitary defining the cMERA belongs now to SU(2):
where ϕ k is the angle between the momentum vector and the x-axis, such that
Two-point correlation functions
We have the following two-point correlation functions in momentum space: 
Note that the correlator between the same fermionic species depends only on the distance between the points, while the correlator between different species carries a phase related to the orientation of the vector x − y. The long distance decay properties of the two-point functions can once again be deduced from their momentum space representation (4.34 -4.36) by means of the methods reviewed in Appendix A. For the single-species correlators, the cMERA again displays a spurious power-law decay | x − y| −2j−3 , which was not present in the CFT. This is a consequence of the behaviour of the function sin 2 (θ( k)) around k = 0: it goes as | k| 2j+1 . In Short distance estimation Figure 17 . Entanglement entropy profile obtained for Λa = 0.01 (x < 4/Λ). Convergence upon increase of the maximum value of |j| is observed. We lack numerical data to comment on how reliably the long distance behaviour reproduces an area law.
the case of the two-species correlator, however, we infer a leading decay given by | x − y| −2 , due to the presence of the phase factor in (4.35), independently of j. This is also the case for the actual CFT, since the scaling dimension of the field ψ is 1 in 2+1 dimensions. The next-to-leading term gives the leading order cMERA correction to the CFT correlators, and goes like:
(4.40) Figure 16 shows how correlations behave for this cMERA, again for j = 0. The usual two regimes are observed: at distances smaller that 1/Λ, the single-species correlator is practically constant, and the two-species correlator grows linearly (as a power law | x − y| p with p ≈ 0.9994 ≈ 1) with distance. Once the cutoff length scale is surpassed, the singlespecies correlator decays with exponent p ≈ −3.008 ≈ −3, while the two-species correlator decays with exponent p ≈ −2.005 ≈ −2, which is in accordance with the argumentation at the beginning of this paragraph.
Entanglement entropy
As in the 2+1 dimensional bosonic case discussed earlier, we will study the scaling of entanglement entropy S(x) by taking discs of increasing radii x and tracing out the rest of the system. We do so by again changing to polar coordinates and taking into account only the modes with small angular momentum, which provide the main contributions. The details of the computation are presented in Appendix C. Figures 17 and 18 show that the main features we have been observing in this paper prevail in the 2d fermionic case: the entropy converges to a finite value upon fine-graining of the sampling of the correlators. However, the computations became too heavy before we could assert with enough confidence the presence of two differentiated regimes, or the recovery of the area -26 - law (note that the onset of the area law in Figure 14 can only be clearly appreciated past x ∼ 3/Λ, where we stop having converged data in the 2d case). Nevertheless, we can still give a good analytical estimation of the scaling of the entropy (see Appendix D) for small radii x 1/Λ.
Conclusions and discussion
In this paper we have studied the structure of correlations and entanglement in Gaussian cMERA states optimized to approximate the ground states of free particle CFTs. Our results suggest that, in line with what was argued by the proponents of this ansatz in Ref. [11] , cMERA states come endowed with a characteristic length scale 1/Λ that separates two very different regimes. At length scales larger than 1/Λ, the correlation structure, as observed via two-point correlation functions and entanglement entropy scaling, reproduces the features of the target CFT ground state. At length scales smaller than 1/Λ, however, the behaviour changes in a way we have characterized, and becomes more akin to that of a product state. This has observable consequences such as the removal of the UV divergence of entanglement entropy, which instead acquires a finite value. As a result, we refer to cMERA as having a UV cutoff in its entanglement. This matches the intuition we obtain by revisiting Figure 2 , which compares the MERA and cMERA schemes. In MERA, the disentanglers allow for the introduction in the initial state of entanglement at scales no shorter that the spacing that separates two lattice sites. This is an obvious statement right from the onset, since there are no degrees of freedom to entangle between these two sites. In the QFT setting, there exists instead a continuum of degrees of freedom between any two given points, but the entangler K is designed in such a way that it cannot entangle at distances shorter than 1/Λ. Thus the result of an evolution by L + K, namely the cMERA state |Ψ Λ behaves in such a different manner as the target state |Ψ when probed at length scales shorter than 1/Λ.
We have focused on (free particle) CFTs because of their scale invariance, which significantly simplifies the analysis. However, most of our conclusions extend straightforwardly to (free particle) massive QFTs, provided that the length scale ξ ∼ 1/m due to the mass m = 0 is larger than the cutoff distance 1/Λ. In fact, there is nothing that suggests that this should not apply also to non-Gaussian cMERA states constructed for interacting QFTs. The development of such non-Gaussian MERA states could bring prospects of providing a systematic UV regularization scheme for quantum field theories.
A Asymptotics of two-point functions
In this Appendix we review the analytical determination of the asymptotic decay of twopoint functions at long distances. This is done by arguments of asymptotic analysis which we expose in a self-contained manner. All the momentum space two-point functions we find in this work are of the form
the variable sign being + for bosonic theories and -for fermionic theories. The correlator in position space is then given by the inverse Fourier transform of f ( k), up to a proportionality constant:
where d is the spatial dimension. We proceed now to argue how the asymptotic properties of this correlator for large | x| can be inferred from the knowledge of f ( k).
A.1 1+1 dimensions
Let us first consider the case with one spatial dimension. Assume f (k) is integrable. The Riemann-Lebesgue lemma then states that F −1 [f ](x) has to decay to zero at long distances:
Imposing further conditions on f (k) allows us to be more precise in the characterization of this long distance decay. For example, if we assume that f (k) exists and is also in L 1 (R). Then applying the derivative rule of the Fourier transform gives
But now, by the same Riemann-Lebesgue lemma, f (k) ∈ L 1 (R) implies that F −1 [f ](x) also vanishes in the limit |x| → ∞. Thus, F −1 [f ] itself goes to zero faster than |x| −1 when |x| → ∞.
-28 -Alternatively, let us consider what would happen if f (k) were differentiable with integrable derivative except at a number of jump discontinuities of size ∆ i at points {k i }:
Then we have to rewrite A.4 as: 6) and the new term on the right hand side becomes the first term in the asymptotic series expansion of F −1 [f ](x). It will dominate at long distances, decaying as a power law |x| −1 together with a certain oscillation 2 dependent on the values of the k i . If we are in the situation where f (k) ∈ L 1 (R), this same argument above can be applied to f (k), and iteratively to higher derivatives. If f (k), f (k), . . . , f (n−1) (k) all exist as continuous integrable functions, but f (n) (k) presents jump discontinuities, we will find the leading order decay of F −1 [f ](x) at long distances to be |x| −(n+1) .
A.2 2+1 dimensions
In higher dimensions, f ( k) can display a higher variety of features that translate into asymptotic properties of F −1 [f ]( x), and hence of the position space correlator. In this work we encounter two different situations, depending on the behaviour of f ( k) around the origin, which is the only point where it is not infinitely differentiable. We review both cases in what follows. Our exposition in this section partially draws from [29] .
The φφ and ππ bosonic correlators, and the single-species fermionic correlators all belong to this first case, since close to the origin we have
respectively for each of them. In general, f ( k) ∼ | k| 2n−1 is associated with a | x| −2n−1 decay. This fits in well with the picture we obtained from the 1+1-dimensional case, since a higher n means higher order for the first discontinuous derivative of f ( k) at the origin. Let us see it for the particular case of n = 0, when f ( k) presents a 1/| k| singularity at the origin. We define a new function
which we use to subtract the singularity 3 :
For instance, this kind of oscillations in the correlators of a fermionic system carry information of the position of the Fermi surface. 3 Of course, if needed we could multiply g by an appropriate constant omitted here.
-29 -so that the components of ∇h( k) are integrable (though they might be discontinuous). Then we have
and we can deal with each of the terms individually. For h we have 10) and the Riemann-Lebesgue lemma again forces the right hand side to decay faster than | x| −1 . However, for g( k) we have
where * denotes the convolution product. It is easy to see that the result of the convolution decays as | x| −1 by bounding it above and below. We have
where B( a, r) is the ball of radius r centered at a. Equally,
Thus, we have proved that the leading order of decay of
For higher values of n we can proceed by induction. If f ( k) ∼ | k| 2n−1 we subtract the function: 15) and expect the derivatives of h( k) = f ( k) − g( k) of order up to at least 2n + 1 to be in
by iterating an argument like the one from Eq. A.10. Now, by the induction hypothesis
We denote by φ k the angle between k and the horizontal axis of the plane. This is the case, with n = 0, for the fermionic two-species correlator, and is associated to a | x| −(2n+2) decay. To see this, we use a very similar strategy as in the first case. Consider 17) and write
The condition on the (n + 1)-th power of the Laplacian of h guarantees that
decays faster than | x| −(2n+2) . However, for a radially symmetric function G( k) in two dimensions it holds
, if we use the results from the first case above.
B Correlation measures in Gaussian states
The tools that we used in the main text to probe the short distance properties of cMERA states are the two-point correlation functions and the entanglement entropy profile. Both are measures of the correlations between different degrees of freedom of the theory, and we can use them to study how these correlations depend on the scale at which we are looking. The two-point correlation functions of the theory are O(x)O (y) , where O(x), O (y) belong to the local algebra of operators at their respective locations. Their role in theories with quadratic Hamiltonians, such as the free theories we deal with in this paper is particularly important, since they encode all the information of the N -point functions for the ground state of the theory. Indeed, only the correlation matrix of the field modes is needed to completely specify the state. This is due to the state being Gaussian, which implies that it satisfies Wick's theorem: given operators O 1 , . . . , O N that are linear in the field modes, we have
where the sum runs over all possible pairings of the operators, and s σ is a sign that accounts for the commutation/anticommutation relations of the modes. Our second witness for correlations is entanglement entropy. Given a certain spatial region R, we may obtain its associated density matrix ρ R by tracing out the degrees of freedom outside R. If we are then able to find a series of uncorrelated modes supported on R via an appropriate change of variables (canonical transformation), the density matrix will factor into the tensor product of the density matrices associated to said modes. These will each be in a thermal state, and the total entropy of the state can be computed as a sum over contributions from each mode.
The procedure needed to find these modes is different but analogous depending on whether we are speaking of bosons or fermions [30] . In Appendix D we perform some estimations while still in the continuum, but in the main text we discretize the correlation matrix by sampling of the two-point functions. We can then interpret it as the (approximate) correlation matrix for a discrete, finite set of bosonic/fermionic modes, and carry on from there, with the advantage that numerical computation then becomes available as a tool to produce the final results. We therefore proceed to review the entanglement entropy computation techniques we employ in Gaussian states of finitely many modes.
B.1 Bosonic theories
By discretizing a bosonic theory we obtain an algebra of operators {φ i , π i } that satisfy the canonical commutation relations (CCR):
Linear transformations in this algebra that preserve the CCR form a group and are called canonical transformations. They map bosonic modes into bosonic modes. The group of canonical transformations for N bosonic modes is the symplectic group Sp(2N, C), which by definition is the subgroup of GL(2N, C) whose elements M satisfy
(Notice that this is precisely the condition that the CCR are preserved when the map M is applied to the column vector of modes (φ 1 , . . . , φ N , π 1 , . . . , π N ).) A Gaussian state, as stated above, is completely characterized by its Hermitian, positive definite correlation matrix:
Given any such matrix, there exists a procedure, called symplectic diagonalization, by which we can find a symplectic transformation that maps our initial set of bosonic modes to a set of uncorrelated modes {φ i ,π i }, so that the correlation matrix decomposes as a direct sum [31] :
-32 -Consequently the density matrix factorizes as in (B.2). Each of the uncorrelated modes will be in a thermal state of the following form:
where ζ i ∈ [0, 1) can be written in terms of the eigenvalues λ i of the matrix
that is, the product of the φφ and the ππ submatrices of the correlation matrix 4 . Indeed, we have
This way we can easily compute the entanglement entropy of a spatial region from its correlation matrix.
B.2 Fermionic theories
If we start with a fermionic theory and discretize it we arrive at a set of fermionic modes ψ i , ψ † i which in turn satisfy the canonical anticommutation relations (CAR):
The group of canonical transformations will this time be composed of those maps that preserve the CAR. It can be seen that for N fermionic modes this group is isomorphic to O(2N ), the orthogonal group of dimension 2N . For our purposes it will nonetheless be enough to consider the U (N ) subgroup given by the transformations:
where U ij is a unitary matrix. Note that these are the transformations that leave invariant the total particle number operator
The correlation matrix that characterizes our Gaussian states will now be of the form:
And it can be proved that finding a canonical transformation that yields uncorrelated modes amounts to finding a unitary that diagonalizes this Hermitian matrix. The resulting modes will satisfy ψ † iψj = λ i δ i,j (B.13) 4 The set { √ λi} is usually referred to as the symplectic eigenvalues of the correlation matrix C OO ij .
for λ i ∈ [0, 1] the eigenvalues of the correlation matrix. Thus we can easily compute the entanglement entropy of the state given its correlation matrix:
where s(λ i ) is the entropy of the state of a single fermionic modeψ i whose density matrix is
in the basis of eigenstates of the number operatorψ † iψi .
C Computation technicalities in 2+1 dimensions with rotational invariance
In the main text, and also in Appendix D we compute entanglement entropies for concentric discs centered at the origin, so that we can make use of the rotational invariance of the cMERA states. To do so, we perform a canonical transformation that reexpresses our fields in terms of the radial coordinate r and an integer related to angular momentum [32] . Here we specify how this is done for both bosonic and fermionic fields.
C.1 Bosonic theories
We define a new set of modes indexed by the radial coordinate r and the integer that accounts for the angular component:
The new modes defined this way still satisfy bosonic canonical commutation relations (in other words, the transformation is canonical):
To compute the two-point functions of these new degrees of freedom, we use the following property, which can be proved in a straightforward way. Given any function h(ζ): Hence the correlation matrix is block diagonal:
When computing entanglement entropies we will make the assumption that the contributions of higher values of |l| decay rapidly in magnitude, so that we can truncate the direct sum above at a small value of |l| [32] . We will sample the radial indices of the correlation matrix for some lattice spacing a in the same fashion as for 1 dimensional systems (here ∆ O represents the mass dimension of the operator O):
We can then start computing contributions from the terms in the direct sum of (C.8), by the same symplectic diagonalization procedure explained in Appendix B. We note that indeed the combined sum of all the contributions to S(x) from | | ≤ max converges as max grows, and it does so earlier for smaller values of x.
D Analytic approximation of entropy scaling at short distances
In the main text we have stated that expressions can be derived that approximate well the scaling of entanglement entropy in cMERA states for spatial regions R of small sizes compared to the cutoff 1/Λ. Here we present in more detail how this can be achieved. We make use of the techniques reviewed in Appendix B.
D.1 Bosons
Our strategy consists in getting a reasonably good analytical approximation to the operator C φφ C ππ from Eq. (B.7), considering it as an operator on L 2 (R) with integral kernel:
Let R be an interval of length x (without loss of generality we consider R = [0, x]). For Λx 1, we consider the eigenvalues of the operator of integral kernel
Since |y − w|, |z − w| < x 1/Λ, the functions f ε (y − w) and g ε (w − z) can be well approximated by constants (remember the shape of the correlators in Figure 4 and 5), so we write
with A, B dimensionless constants. In practice we will Taylor expand f, g around the origin to zeroth order, meaning A = f ε (0), B = g ε (0)/Λ 2 . The kernel K(y, z) then becomes
To look for the eigenvalues of this approximate kernel over a space of square integrable
Now the left hand side does not depend on y, so the right hand side must vanish unless h(y) is constant. Thus we find infinitely many eigenvectors 5 which turns out to be a very good approximation to the entropy at small length scales, as can be seen in Figure 7 . More accurate approximations can be found, for example, by going to higher order in the Taylor expansion of the kernel around Λx = 0, something that we can do precisely because the correlators in the cMERA state are well-behaved in this limit.
D.1.2 2+1 dimensions
We obtain the estimate by approximating the correlators as in the 1+1-dimensional case, and restricting ourselves to the modes with zero angular momentum, l = 0 (see Appendix C). In fact, the contributions of nonzero values of l vanish for the zeroth order term in the Taylor expansion of the correlators around | y − z| = 0. Again we approximate the functions f, g in the correlators (Eq. -37 -for | y − w|, | w − z| 1/Λ. If we consider R to be a disc centered at the origin with radius x, we can change to polar coordinates as in Appendix C. After selecting to look only at modes of zero angular momentum, we have the following approximate operator kernel: K(r, r ) = In the regime (Λx 1), this expression provides a good approximation to the entropy scaling, as can be seen in Figure 10 .
D.2 Fermions
In the fermionic case, we saw in Appendix B that the entropy can be computed as a sum of contributions coming from the spectrum of the correlation matrix with A, B ∈ R dimensionless constants. The linear term is zero for the first one, as is the constant term for the second. The eigenvalue equation for the correlation matrix can then be written as And upon substitution in the equations above we obtain an eigenvalue problem for a 4-dimensional matrix whose solutions are, in a Taylor expansion to first non-vanishing order around Λx = 0:
The two first eigenvalues are in the right interval [0, 1] and give the only nontrivial contribution to the entropy. The other two eigenvalues are outside of the acceptable range, but they are so due to high order contributions of Λx, what leads us to assume that they are artifacts of the truncation in the correlators and will converge to 0 and 1 respectively if we take more terms in the expansion. Thus our short-range estimation of the entanglement entropy scaling (which ends up being independent of B) is S(x) ≈ S(λ = AΛx) + S(λ = 1 − AΛx) = 2S(λ = AΛx) = 2 (1 − log AΛx) log 2 AΛx. (D.20)
As for its bosonic counterpart, were it needed we could improve on this estimate by using more terms of the Taylor expansions of the correlators.
D.2.2 2+1 dimensions
To keep the computations simple, and given the results in the 1+1 dimensional case, we approximate the functions f and g from the two-point functions by their zeroth-order Taylor expansion:
This approximation already implies that the only non-vanishing contributions to the entropy are going to come from the smallest values of angular momentum, namely j = ± which provides a good estimation in the short distance regime (Figure 17 ). Notice that in both the bosonic and fermionic case we have approximated the entanglement entropy for that of a theory with flat two point functions. Because we assume such simple situation, the entropy can be computed easily, and we end up with expressions that depend in the same functional way on the volume of the spatial region (Λx in one spatial dimension, π(Λx) 2 in two spatial dimensions) for each statistics (bosons or fermions).
